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Abstract
In order to get non-abelian gauge symmetries in supergravity theories one can
gauge subgroups of the global symmetry groups inherited from their higher dimensional
origins (compactified on n-tori). Apart from these large symmetry groups it is also
possible to gauge the local scaling symmetry (the trombone) present in these theories.
In 4D this has been done for maximal supergravity, here the half-maximal case is
investigated. In particular the main constraints, following from the requirements of
supersymmetry and consistency, are derived. Though the equations of motions are not
derived here, it can be expected that it, as in the maximal case, will not be possible to
formulate an action for this theory.
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1

Introduction

In our search for a quantum theory of gravity, string theory still seems to be the most
promissing candidate. Though there is still no result obtained which enables an experimental testing for the theory, still many theoretical physicists are that much impressed by its
elegance and richness to feel justified studying it. One reason for this is the elegant and
natural way gravity is popping out of the theory.
It turned out that there is not only one string theory, but five different types. But all
these types are related by dualities and are now thought of as species of one unified eleven
dimensional theory, M-Theory. 11 dimensional supergravity then can be seen as the effective
field theory of M-theory. But supergravity theories also can be build up starting from general
relativity and combining it with supersymmetry. In particular one can get general relativity
by making global supersymmetry local, i.e. gauging it.
The aim is to construct a theory combining quantum mechanics (i.e. the Standard Model
described by quantum field theories) with gravity. Because in our daily life we do not see
more than four space-time dimensions, we have to get rid of the extra dimensions of the
eleven dimensional string and supergravity theories. This can be done by what is called
dimensional reduction which turns space-time symmetries into internal (gauge) symmetries.
In the end we hope to be able to find a way of turning the extra space-time dimensions into
exactly the gauge symmetries of the Standard Model (or into something containing these).
Dimensional reduction, also called compactification, can be done in several ways, all
giving different supergravity theories. Depending on the manifold you choose to compactify
on, you get supergravity theories with different gauge symmetries. The simplest manifold
you can think of is the n-torus, which is a generalisation of the circle and the 2-torus (a
donut shaped manifold) in n dimensions. Compactification on this manifold will give a
supergravity theory where there is only a U (1)n gauge symmetry. For reconstructing the
Standard Model we need more, bigger and in particular non-abelian gauge groups. These
can be derived from the higher dimensional theory by compactifying on more complicated
manifolds, but also by gauging the simpler theory. The deformation parameters of the more
complicated manifolds then are incorporated as gauge parameters in the gauging procedure.
Apart from the big global symmetry groups there is also a scaling symmetry present,
which we also can gauge. The scaling, being a scaling of the Lagrangian as a whole, is
an on-shell symmetry. Gauging this symmetry will give an additional positive contribution
to the effective cosmological constant. This has been done in the four dimensional case
for maximal supergravity [4], [5]. In this thesis the case of gauging this symmetry in halfmaximal supergravity will be investigated. The main aim is to determine the different
constraints put on the theory by demanding consistency and supersymmetry. In particular
the linear and quadratic constraints will be derived. Though it will not be done in this
thesis, one can try to find explicit solutions to these constraints and formulate, given these
constraints, the equations of motion.
The scientific motivation for doing this kind of research is filling in the empty spots of
the big puzzle. The hope is that the more we know about specific theories, the more we
will be able to find regularities. Finding regularities makes it possible to generalize and to
4

get more understanding of and insight in our theories. Also it can give direction to new
research. In particular it can be checked if the results of this research fits with the results
already found for the maximal case. In the maximal case gauging the trombone leads to
a theory with equations of motions for which there can not be formulated an action. This
highly interesting aspect is not investigated here for the half-maximal case, but there is no
reason to think that it will differ from the maximal case in this respect.
Part I of this thesis will be about string theory. This discussion is mainly based on the
well-known book of Green, Schwarz and Witten, volume 1 [2]. This part is meant to give
the reader some insight in the higher dimensional origin of supergravity theories. In Part II
we will turn our attention to supergravity. We start with some minimal supergravity, then
go on to extended supergravity. First the ungauged supergravities are discussed and then
the embedding tensor formalism for gauging is explained. Here we will follow Samtleben in
his lecture notes on supergravity [8] and on gauged supergravities and flux compactifications
[9]. When we go on to the half-maximal case the findings of Schön and Weidner [10], [12]
are being used. Adding the gauging of the scaling symmetry to this theory is new work
presented here. Le Diffon, Samtleben and Trigiante gave an analysis of the maximal case in
[4], [5].

5

Part I

String Theory
2

Bosonic String Theory

The Nambu-Goto action of the bosonic string is proportional to the area of the world-sheet
spanned by the string in space time. The coordinates on the string are denoted by σ α = (τ, σ)
and the coordinates of the embedding space by X µ , with µ = 1, . . . , D − 1. X µ (σ α ) is a
mapping from the string coordinates to the coordinates of the target space. The Nambu-Goto
action is given by:
Z
S = −T

√
d2 σ −G

(1)

The T here is associated with the string tension
and is given by T = (2πα0 )−1 . Where
√
α0 is the square root of the string length 2α0 = ls . G is defined as G = det Gαβ with
Gαβ = ∂α X µ ∂β Xµ , which can be seen as the infinitely small unit area on the world-sheet.
But this form of the action is not easy to quantize, due to the square root in it. To
quantize the square root of G we would have to expand it in an infinite series of operators.
So therefore we would rather like to use another form of the action without this square
root. We can get at such an action by introducing first an auxiliary field hαβ and then
by gaugefixing this field using the symmetries of the new action. The new action with the
auxiliary field is called the Polyakov action:
T
S=−
2

Z

√
d2 σ hhαβ (σ)gµν (X)∂α X µ ∂β X ν

(2)

Here hαβ can be considered as the inverse metric of the world-sheet and gµν (X) is the metric
of the embedding space-time. It can be shown that this action is equivalent to (1).
From this we can easily derive the equations of motions, which turn out to be:
∂2
∂2
−
)X µ = 0
∂σ 2 ∂τ 2
which is a common two dimensional wave equation. But hαβ is also a dynamical field in
our theory, so it has an equation of motion too (which still should be satisfied even after
gaugefixing). From this equation of motion follows that
X µ ≡ (

1
0 0
Tαβ = ∂α X µ ∂β Xµ − hαβ hα β ∂α0 X µ ∂β 0 Xµ = 0
2
which is a constraint on the solutions of the wave equations. This equation is equivalent to

6

Ẋ 2 + X 02 = 0

(3)

where Ẋ is the derivative of the X-coordinate with respect to τ and X 0 the derivative with
respect to σ.
We can write the general solution as a mode expansion given by
X µ (σ, τ ) = xµ + pµ τ + i

X1
αnµ e−inτ cos nσ
n
n6=0

Now we can use local symmetries possessed by the Polyakov action to choose the three
0
components of hαβ so that hαβ = η αβ = −1
0 1 . The symmetries we use for this are the
reparametrization invariance and the Weyl-scaling of (2):
δX µ = ξ α ∂α X µ
δhαβ = ξ γ ∂γ hαβ − ∂γ ξ α hγβ − ∂γ ξ β hγα
√
√
δ( h) = ∂α (ξ α h)

(4)

δhαβ = Λhαβ

(5)

and

respectively. Note that the main reason why we work with strings and not with higher
dimensional objects is that we can, with the help of the mentioned symmetries, in 2 spacetime dimensions gauge away the dependence on hαβ , which of course should be the case
because it is an auxiliary field. For higher dimensional objects this is not possible. The
reparametrizations act on the coordinates and the Weyl-scaling on the metric, but it is
possible to rescale the action (2) by using the reparametrization invariance. So it is possible
to ’undo’ a Weyl scaling with the help of a reparametrization. We will get back to this point
later on. We now have the simple form of our action, the gauge fixed Polyakov form:
Z
T
S=−
d2 ση αβ ∂α X µ ∂β Xµ
2

2.1

Quantization

There are two ways of quantizing the string, namely the covariant and the light-cone gauge
quantization. The difference between these two ways of quantizing is the moment you incorporate the constraints given by the equations of motion for the metric on the world-sheet.
In the covariant quantization you first quantize and then impose the constraints, whereas
in the light-cone gauge quantization you impose the constraints before quantizing the string
modes. The light-cone approach is easier and gives us the right number of states, but the
7

physical meaning of these states is not that clear. While in the covariant approach it is not
that easy to get the right number of states (due to so-called null-states) but their meaning
is clear. We will focus here on the light-cone gauge approach.
We first introduce the light-cone coordinates:
1
X ± = (X 0 ± X D−1 )
2
for the coordinates of space time, and
σ ± = (σ ± τ )
for the coordinates of the world-sheet. The reason why we introduce these light-cone coordinates is that it turns the quadratic constraint equations into lineair ones. As mentioned
before you can undo a Weyl-scaling of (2) by a reparametrization. So we still have some
gauge freedom after setting hαβ = η αβ . This can be seen by the fact that any combined
reparametrization and Weyl scaling ∂ α ξ β + ∂ β ξ α = Λη αβ (in the ’old’ non light-cone gauge
coordinates) preserves the gauge choice.
We can use this freedom to set X + (σ, τ ) = x+ + p+ τ . This boils down to setting all the
+
αn coefficients of the oscillator to zero for n 6= 0. After doing this, the constraint equations
(Ẋ ± X 0 )2 = 0 become
(Ẋ − ± X 0− ) = (Ẋ i ± X 0i )2 /2p+

(6)

So we can express X − in terms of X i leaving only the transversal oscillator modes X i to
have independent oscillations.
Equation (6) gives constraints on the oscillator coefficients αn− of the the mode expansion
for X −
X − = x− + p − τ + i

X1
αnµ e−inτ cos nσ
n
n6=0

This gives us (for n = 0) the mass formula
1 + − 1 i i
1
(p p − p p ) = 0 (N − a)
(7)
0
α
2
α
where M 2 = −pµ pµ will play the role of the mass of the string in a specific mode of oscillation.
Here
M2 =

N=

∞
X

i
α−n
αni

(8)

n=1

This a of (7) is the so-called ’normal ordering constant’. We need this constant because
at the moment we quantize our string theory, and thus replace the Fourier coefficients by
8

operators, we have to make a decision about the order in which we place them. This because
for operators the order matters. In general we choose in this situation what is called the
’normal ordering’ with all annihilation operators to the right and all the creation operators
to the left. But nothing guarantees that this is the choice which will reproduces the ’right’
quantum analog of the classical description. And because of the commutation relations we
impose on the creation and annihilation operators
ij
j
i
] = nδn+m,0
→ [αni , α−n
]=n
[αni , αm
i
will cost us only a constant. This is the reason
the interchange of the operators αni and α−n
why we introduced in the mass formula a later-to-be-determined-constant a. From the given
formula for the mass (7) we see that it really matters for our physics what value of a follows
from our theory. A different value for a means different masses for our particles.
But how do we now find out what the value of a should be? In what sense should the
quantum description reproduce the classical one? Well, at least we want to get back a Lorentz
invariant theory. For our theory to be Lorentz invariant we have to take the value for a to be
1. In the end it turns out that we get another condition on our theory from the requirement of
Lorentz invariance, namely on the number of spacetime coordinates of the embedding space:
D = 26 for bosonic string theories. This constraint follows from demanding the cancellation
of an anomaly term in the commutator of two of the Lorentz generators, namely J i− and J j− .
This commutator should be zero to let the theory be Lorentz invariant. This commutator
turns out to be the only one which is giving any anomaly problems. That the J i− is involved
is due to the fact that this generator is acting on X + and thus on the gauge condition. It
can be shown that the commutator will have the form

[J i− , J j− ] = −

1
(p+ )2

∞
X

j
i
j
i
∆m (α−m
αm
− α−m
αm
)

m=1

Some subtleties are involved, mainly due to the non Lorentz invariant choice of our gauge,
but in the end the vanishing of the anomaly term requires
26 − D
1 D − 26
)+ (
+ 2(1 − a)) = 0
12
m
12
which is satisfied for D = 26 and a = 1. No further constraints follow from the other
commutators. Note that in D = 3 this commutator is zero, so that it is also possible to write
down a Lorentz invariant consistent string theory in two space- and one time dimensions
because then the commutator is trivially zero.
∆m = m(

2.2

Spectrum

We can now take a look at the spectrum of the bosonic string theory. In principle there
can be two types of strings, open and closed ones. You can build a theory with only closed
strings, but not one with only open strings. Open strings can always close, so a theory
with open strings should always also include closed strings. We take a look first at only the
9

open string spectrum. The spectrum is generated by applying the transversal mode creation
operators αni (n < 0 creation and n > 0 annihilation) to the ground state (i.e. a string with
momentum p but without any oscillations on it). The lowest level is a state with negative
mass, called the tachyon. Given the mass formula (7) it has α0 M 2 = −1. The next level is
i
a massless vector α−1
|0i with 24 components (the transverse polarizations). Above that we
can make a tower of massive states. For N = 2 (M 2 = 1) we have [(α−1 )2 + α−2 ]|0i as the
most general state. This is a 324 dimensional representation corresponding to a symmetric
traceless 2-form of SO(25). And so on. But we are not that interested in the massive states
because when we look at the supergravity limit of string theory, i.e. the low energy limit,
these massive states become too heavy to be physical relevant. Low energies means great
distances and compared to this great distances the strings become ’pointlike’. Because α0 is
proportional to the string length it also becomes very small, while very small α0 means very
big masses as can be seen by (7).
Knowing the spectrum of the open string we can easily compute the spectrum of the
closed string. This time we have two types of oscillators {αni } and {α̃ni } for the left and right
moving modes on the string respectively. These modes are independent up to one restriction,
namely that they have to have an equal amount of excitations which follows from the fact
that the n = 0 constraint (7) for both the directions are equal. So N = Ñ with
X
i
Ñ =
α̃−n
α̃ni
n>0

So the states of the closed string are product states of the open string. In particular is
the ground state still a tachyon (with an even bigger negative mass). The massless states
have the form
j
i
|Ωij i = α−n
α̃−n
|0i

The representation of this state can be decomposed in irreducible SO(24) representations: a
symmetric and traceless massless 2-form Gµν which can be identified with the graviton, the
trace φ, which is a massless scalar called the dilaton and the anti-symmetric 2-form Bµν . So
24 ⊗ 24 = 299 ⊕ 1 ⊕ 276 or in Young-tableaux1 :
⊗

2.3

⊕·⊕

=

Strings in Background Fields

Until now we worked with strings in flat Minkowski space. The action is
Z
√
1
S0 = −
d2 σ hhαβ ∂α X µ ∂β X ν ηµν
2π
Now we want to consider strings in background fields. From the spectrum of the closed
string we got three different types of massless states: the symmetric Gµν , the antisymmetric
1

See appendix A for explanation of Young-Tableaux
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Bµν and the scalarfield φ. These are states of individual strings, but if you have many of
them they form a continuous field. We are now interested in the interaction between a ’test
string’ and these background fields. We start with the interaction with the 26 dimensional
gravitational field.
To describe this interaction we simply replace ηµν with gµν (X ρ ) in the action:
Z
√
1
(9)
d2 σ hhαβ ∂α X µ ∂β X ν gµν (X ρ )
S0 = −
2π
We can expand gµν around the Minkowski metric: gµν (X ρ ) = ηµν + fµν (X ρ ). The first
term gives us the free theory, the second term describes the interaction with the gravitational
field.
We want this interacting action to be scale, or Weyl, invariant as it was in the free case.
In the beginning we started off with the Nambu-Goto action (1). Then we introduced the
auxiliary field hαβ and saw that, with the help of the reparametrization invariance and the
Weyl scaling, we could gaugefix all its components. So it indeed was auxiliary, meaning
that it didn’t have any physical degrees of freedom. But at the moment we had not Weyl
invariance anymore in our quantum theory, it would mean that we do not work anymore
with an action which is the quantum equivalent of the Nambu-Goto action.
Hence, we have to impose this scale invariance by hand. Scale invariance in space-time
is called conformal invariance and it means that the β-function must vanish. In QFT’s the
beta function describes the dependence of the coupling constant on the energy scale. It is
defined as
β(g) =

∂g
∂log(µ)

with µ the energy scale and g the coupling constant. The fact that we can speak about
a beta function, and about coupling constants, indicates a way of looking at the action (9).
In this view we consider the X µ ’s as scalarfields on the worldsheet. Because the metric also
depends on these fields it can be considered as the coupling of the interaction. This is a quite
different inperpretation of this action than when we just consider the X µ as the coordinates
of the target space where the strings are living in. Considered that way it is just a normal
action of general relativity, for a string in a gravitational field.
Scale invariance of the action is broken by replacing ηµν with gµν , because there is no way
to regularize the action while preserving the worldsheet scale invariance. But we have to
regularize. For this reason we have to impose a condition to make the action Weyl invariant
again. This turns out to be exactly the Einstein equations Rµν = 0. So from the fact that
we want to have a conformal invariant theory, which means that the β-function has to set
to zero, we get the classical vacuum Einstein equations.
Let’s try to understand something of the regularization. First of all, we will choose the
gauge hαβ = e(2+)φ ηαβ , and we will work in 2 +  dimensions, with  a small number of which
we will take the limit to zero later on. We will consider X µ (σ, τ ) as fields, and expand them
around a vacuum expectation value: X µ (σ, τ ) = Xoµ + xµ (σ, τ ). Now we want to expand the
11

metric accordingly. The most general form is quite complicated and ugly, but with the help
of a redefinition of the field parameters X µ → X̃ µ (X ρ ) we can get the coordinates X µ to be
locally inertial at the point X0µ .
With the help of this kind of field variables redefinition, and the use of Riemann normal
coordinates, we can get an expression for the expansion of gµν . If we insert this expression
in the action and apply at the same time the expansion of eφ = 1 + φ + . . . the action takes
the form:
Z
1
d2+ σ [(∂α xµ ∂ α xν )(1 + φ)ηµν
S̃ = −
2π

1
Rµλνκ (X0ρ )xλ xκ ∂α xµ ∂ α xν (1 + φ) + O(x5 )
−
3
With Rµλνκ (X0ρ ) being the Riemann tensor on the space-time manifold at point X0ρ . We
want this action to be not dependent on φ in the limit of  → 0 and at the same time avoid
any infinities due to poles. Some φ-dependences cancel each other out, but some others
remain. And, as being said, we also have to renormalize the φ-independent terms with poles. Introducing the appropiate renormalizations (xµ → xµ + 61 Rνµ (X0ρ )xν + O(x2 ) and
gµν → gµν − 21 Rµν (X0ρ )) gives again some φ-dependent terms. In the end, all the φ-dependent
terms give an effective action of the form (for D=26)
Z
1
S̃ = −
d2 σφRµν (X ρ )∂α X µ ∂ α X ν
4π
with X µ (σ, τ ) = X0µ + xµ (σ, τ ). So to this order, we only get a Weyl-invariant theory if
Rµν (X ρ ) = 0, which is the vacuum Einstein equation!
Let us see if we can understand what the relation is between the Weyl invariance and the
fact that we find the classical equations of motions of the string. On first instance it seems
rather magical that the vanishing of the beta function happens to coincide with the Einstein
equations (or actually with the constant part of the expected generalization as a series in α0
of the Einstein equations). But actually this is exactly what you would expect.
In a quantum field theory with fields Φk , k = 1, . . . , m we have scattering amplitudes of
the form An = hφk1 φk2 . . . φkn i, where Φk = Φk0 + φk . So, for n = 1 the conditon A1 = 0 means
that the Φk0 is the vacuum expectation value which satisfies the classical field equations,
because the expectation value for the quantum fluctuations φk are zero. The analog in string
theory is An = hV1k V2k . . . Vnk i with V k the vertex operators corresponding to each field φk .
This expectation value is computed on the worldsheet. Now hV i = 0 gives again the condition
to find the classical equations of motions. But this condition is also exactly the condition
following from the conformal invariance of the worldsheet. We can see that as follows:
conformal invariance of the action means invariance under the scaling transformations σ α →
λσ α . Under this transformation the vertex operator of the closed string transforms as V →
λ−2 V . Invariance under this transformation thus implies that hV i = hλ−2 V i, so it must hold
that hV i = 0. So the condition of conformal invariance forces the theory to give the classical
equations of motions, that is the Einstein equations.
12

From all this it follows that we can think of the string corrections to the Einstein equations
in terms of a series in α0 . The first term, linear in α0 gives:
α0
1
(Rµν + Rµκλτ Rν κλτ )
4π
2
Until now we only discussed the gravitational background field. If we want to consider
a more general action, containing besides the interaction with gµν (X ρ ) also the interactions
with the antisymmetric Bµν (X ρ ) and with the dilaton field Φ(X ρ ) we have to look after
an action which is invariant under reparametrizations of the string world-sheet and also
renormalizable by power counting1 .
The three terms we will find this way are:
Z
√ αβ
1
2
hh ∂α X µ ∂β X ν gµν (X ρ )
S1 = −
d
σ
4πα0
Z
1
d2 σαβ ∂α X µ ∂β X ν Bµν (X ρ )
(10)
S2 = −
4πα0
Z
√
1
d2 σ hΦ(X ρ )R(2)
S3 =
4π
βµν (X ρ ) = −

where R(2) is the world-sheet Ricci scalar. Note that the second term is a topological term
because it contains no hαβ and that the last term does not contain an α0 .
As we discussed before, the constraints we have to impose to get a Weyl invariant action
are exactly the classical equations of motions. These take the form:
1
0 = Rµν + Hµλρ Hνλρ − 2Dµ Dν Φ
4
λ
0 = Dλ H µν − 2(Dλ Φ)H λµν
1
0 = 2(Dµ Φ)2 − 4Dµ Dµ Φ + R + Hµνρ H µνρ
12

(11)

where Hµνρ = ∂µ Bνρ + ∂ρ Bµν + ∂ν Bρµ .
But, if these equations are really equations of motions, we can wonder is we are able to
write down an action which would give these equations by demanding the variation to be
zero. Suprisingly, equations (11) indeed turn out to be the Euler-Langrange equation of the
following 26 dimensional supergravity action:
Z
1
1
√
S26 = − 2 d26 x ge−2Φ (R − 4Dµ ΦDµ Φ + Hµνρ H µνρ )
2κ
12
∂L
= 0 and the
The first equation of (10) follows from ∂g∂Lµν = 0, the second one from ∂B
µν
∂L
last one from ∂φ = 0. Interestingly we will see later on that it is not always possible to
interpret supergravity equations of motions as Euler-Langrange equations of some action.
1

The latter condition means that there must be precisely two world-sheet derivatives in each term
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3

Superstring theory

Now we will add supersymmetry to our string theory. Supersymmetry couples bosons to
fermions, making it possible to ’rotate’ them into eachother. To be able to do that the
transformations belonging to it have parameters with spin 12 . In having such a fermionic
parameter, coming along with a so-called Lie superalgebra, it is circumventing the ColemanMandula theorem which states that for any symmetry with a Lie algebra associated to it, it
is not possible to mix space-time and gauge symmetries in a non-trivial way.
There are some reasons why we need supersymmetry for letting string theory be a sensible
theory. The two main reasons are:
• With super symmetry we can get rid of the so-called tachyon which is a state with
negative mass which appears in bosonic string theory.
• We want to have a theory which describes bosons as well as fermions, beacuse we in
the end are looking for a ’theory of everything’ containing at least all the particles of
our Standard Model
One thing being necessary (but not sufficient) to write down a supersymmetric theory
is that the bosonic and fermionic degrees of freedom present in the theory are equal. This
is just a matter of counting which bosons and fermions you have in the theory and how
many degrees of freedom these particles have. And if the amount of fermionic degrees of
freedom don’t fit the bosonic ones, you have to impose more conditions (choose another
representation) for your particles. Common ways to do that are for example by choosing
Majorana, Weyl or Majarona-Weyl spinors instead of Dirac spinors.
It turns out that there are two different ways of getting supersymmetry in our string
theory. What we are looking for is supersymmetry for the particles in our spectrum. These
particles are living in the embedding 10D space-time. So we want to get supersymmetry in
our target space and one thing we obviously can do is just imposing it there. But it turns
out that if we instead impose it on the 2D world-sheet, we also end up with supersymmetry
in the target space.
Nothing guarantees us that these two different ways of imposing supersymmetry will give
us the same theory in the end. And in fact, for superstring theory it turns out that, without
imposing certain extra conditions (the GSO projections, which are also for other reasons
maybe a good thing to do) on the allowed states you won’t end up with the same theory.
But let us first take a look at supersymmetry on the world-sheet.

3.1

Supersymmetry on world-sheet and its quantization

So, what we now want to do is make our theory supersymmetric. We want to get fermions
out of our theory the way we got the bosons, namely by investigating the states of the string
when the Virasoro constraints are imposed. To get the right constraints on the states, we
have to introduce fermionic fields in our two dimensional field theory on the world-sheet.
14

These fields can also be interpreted as fermionic, i.e. anti-commuting, coordinates in the
target space.
The supersymmetric action we will work with is (with conformal gauge hαβ = e−φ η αβ ):
1
S=−
2π

Z

d2 σ∂α X µ ∂ α Xµ − iψ̄ µ ρα ∂α ψµ

(12)

Here the ρα denotes the two dimensional Dirac matrices with their usual properties. This
action is invariant under the following supersymmetric transformations:
δX µ = ¯ψ µ
δψ = −iρα ∂α X µ 
As may be expected the commutator of two supersymmetry transformations gives a
translation:
[δ1 , δ2 ]X µ = aα ∂α X µ
[δ1 , δ2 ]ψ µ = aα ∂α ψ µ
where aα = 2i¯1 ρα 2 . But this is only true given that the equations of motions hold, i.e. the
Dirac equation ρα ∂α ψ = 0.
We can caculate the supercurrent by considering the variation under the given transformations when  is not a constant. Its variation then will get the general form
Z
2
d2 σ(∂α ¯)J α
δS =
π
where
1
Jα = ρβ ρα ψ µ ∂β Xµ
2

(13)

is de supercurrent.
We want to close the algebra also off-shell, i.e. without the need to satisfy the e.o.m.. To
make it this way we can introduce an auxiliary field B µ with the right kind of transformation.
You can just introduce this field B µ but you also can use the so called superspace formalism where it is much more clear that the action you will be working with indeed is
supersymmetric. In the superspace formalism two extra coordinates on the world-sheet,
Grassmann coordinates θA , are introduced. A general function in superspace can be written
as
1
Y µ (σ, θ) = X µ (σ) + θ̄ψ µ (σ) + θ̄θB µ (σ)
2
15

If we now take as our action
i
∈ d2 σd2 θD̄Y µ DYµ
4π
with D = ∂∂θ̄ − iρα θ∂α the superspace covariant derivative, and work out everything with the
properties of the superfields, we get back our original action and transformations. But now
with this B field present.
Z
1
0
d2 σ(∂α X µ ∂ α Xµ − iψ̄ µ ρα ∂α ψµ − B µ Bµ )
S0 = −
2π
and
S=

δX µ = ¯ψ µ
δψ = −iρα ∂α X µ + B µ 
δB µ = −i¯ρα ∂α ψ µ
The equation of motion for B µ is simply B µ = 0, so we can set this field to zero and retrieve
our original supersymmetric action.
Now we have a supersymmetric action we can go through the whole analysis again to get
the spectrum. First we will take a look at the classical constraints. Then the constraints will
be quantised in two different ways (covariant and light-cone) and after that we will impose
them on the states and see that there are more constraints needed to get a sensible theory
out of it.
The algebra of the light-cone components of the calculated supercurrent (13) is given by:
{J+ (σ), J+ (σ 0 )} = πδ(σ − σ 0 )T++ (σ)
{J− (σ), J− (σ 0 )} = πδ(σ − σ 0 )T−− (σ)
{J+ (σ), J− (σ 0 )} = 0
As in the bosonic case the action (12) we are working with is a gauge fixed action. And
because we are now working with a supersymmetric theory we expect to gauge fix not only
bosonic but also fermionic degrees of freedom. The auxiliary fields of which we will gauge
fix the degrees of freedom are the so called zweibein eaα (the vielbein on the world-sheet)
and the Rarita-Schwinger field Xα . As should be expected we can gauge away this fields
(i.e. eaα = δαa , Xα = 0) with the help of the symmetries present in the Lagrangian (i.e. two
world-sheet reparametrizations, one local Lorentz, one Weyl scaling, two supersymmetries
and two superconformal symmetries). In the end we then get back our action (12), but from
the equations of motion of the vielbein and the Rarita-Schwinger field we get the constraints:
0 = J+ = J− = T++ = T−−
These are the so called super-Virasoro constraints which lead to setting to zero the
timelike components of ψ µ and X µ .
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3.1.1

Boundary conditions

Apart from applying the constraints we also need to impose boundary conditions to get
a physical solution for the fields on the strings. The analysis of the ’normal’ bosonic X µ
coordinate is the same as in the non-supersymmetric theory, with boundary conditions for
open and closed string etc.. Let’s take a look at the fermionic coordinates. Vanishing of the
surface terms requires that ψ+ δψ+ − ψ− δψ− = 0 at each end of the string, so we should have
µ
µ
ψ+ = ±ψ− . Without loss of generality we can set ψ+
(0, τ ) = ψ−
(0, τ ), because the relative
sign between these two is a matter of convention.
Now we can impose two different boundary conditions:
µ
µ
• Ramond (R) boundary conditions: ψ+
(π, τ ) = ψ−
(π, τ )
µ
µ
• Neveu-Schwarz (NS) boundary conditions: ψ+
(π, τ ) = −ψ−
(π, τ )

These conditions give for the open string the following mode expansions of the Dirac equation:
µ
• Ramond: ψ±
(σ, τ ) =

√1
2

P

n∈Z

µ
• Neveu-Schwarz: ψ±
(σ, τ ) =

√1
2

dµn e−in(τ ±σ)
µ −ir(τ ±σ)
r∈Z+1/2 br e

P

and for closed strings these give the follwing expansions:
• Ramond:

µ
ψ−
(σ, τ ) =

X

µ
ψ+
(σ, τ ) =

X

dµn e−2in(τ −σ)

n∈Z

d˜µn e−2in(τ +σ)

n∈Z

• Neveu-Schwarz:

X

µ
ψ−
(σ, τ ) =

bµr e−2ir(τ −σ)

(14)

b̃µr e−2ir(τ +σ)

(15)

n∈Z+1/2
µ
ψ+
(σ, τ )

X

=

n∈Z+1/2

(16)
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µ
So we now still have the well known bosonic αm
modes which now are accompanied by
µ
the br ’s which are bosonic too (and right-moving). The dµm are the right moving fermionic
modes. In the closed string case we also have the d˜µn and the b̃µr left-moving modes.
We can make four different combinations of these left- or right-moving modes: NS-NS,
NS-R, R-NS, R-R. The first and the last of these combinations describe closed string states
that are bosons, and the other two describe fermions.
Also the constraints have to be quantized. And if we want to write down the superVirasoro operators, the Fourier transforms of Tαβ and Jα , we get:

• for the open bosonic strings:
1
Lm =
π

Z

π

dσeimσ T++

π

• for the open super strings:

R: Fm
NS: Gr

√ Z π
2
=
dσeimσ J+
π π
√ Z π
2
dσeirσ J+
=
π π

For the closed strings you have similar expressions, but a additional set of generators in
terms of T−− and J− .
3.1.2

Covariant quantization

Now we can turn on to quantizing the superstring. This time we first take a look at the
covariant quantization, because in the end we want to make a connection between the covariant and the light-cone gauge approach. The commutators for the coordinates and their
Fourier coefficients are respectively:
[Ẋ µ (σ, τ ), X ν (σ 0 , τ )]
µ
, αnν ]
[αm
{ψAµ (σ, τ ), ψBν (σ 0 , τ )}
{bµr , bνs }
{dµm , dνn }

=
=
=
=
=

−iπδ(σ − σ 0 )η µν
mδm+n η µν
πδ(σ − σ 0 )η µν δAB
η µν δr+s
η µν δm+n

(17)

Here we denote with A, B, . . . world-sheet spinor indices. We again get the condition for
the mass from the zero-frequency constraint (with again a normal ordering constant a).
α0 M 2 = N + a
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Here N = N α + N d or N = N α + N b (depending on the choice of the boundary conditions)
where

N

α

=

Nd =
Nb =

∞
X
m=1
∞
X

α−m · αm
md−m · dm

m=1
∞
X

(18)

rb−r · br

r=1/2

With similar tilded operators for the left moving part in the closed-string case. The quantized
Virasoro operators are now given by:
(b)
Lm = L(α)
m + Lm (NS)
(d)
Lm = L(α)
m + Lm (R)

where

L(α)
m

∞
1 X
: α−n · αm+n :
=
2 n=−∞

L(b)
m

∞
1 X
1
=
(r + m) : b−r · bm+r :
2 r=−∞
2

L(d)
m

∞
1 X
1
=
(n + m) : b−n · bm+n :
2 n=−∞
2

Gr =
Fm =

∞
X
n=−∞
∞
X

α−n · br+n (N S)
α−n · dm+n (R)

n=−∞

The Lm ’s are the Fourier modes of T++ and the Gr and Fm of the J+ under the different
boundary conditions. And with this we can write down the super-Virasoro algebra in the
bosonic (i.e. NS) sector:
[Lm , Ln ] = (m − n)Lm+n + A(m)δm+n
1
[Lm , Gr ] = ( m − r)Gm+r
2
{Gr , Gs } = 2Lr+s + B(r)δr+s
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and for the fermionic (R) sector:
[Lm , Ln ] = (m − n)Lm+n + A(m)δm+n
1
[Lm , Fn ] = ( m − n)Gm+n
2
{Fm , Fn } = 2Lm+n + B(r)δm+n
Where in both cases the A(m) and B(r) are anomaly terms. We now impose the constraints by requiring physical states |φi to satisfy
Gr |φi = 0 for r > 0
Ln |φi = 0 for n > 0
(L0 − a)|φi = 0
Again we search for the value of a for which we get a consistent theory. It turns out that
these values for a and D are respectively 1/2 and 10, which again can be seen better in the
Light-Cone gauge quantization where it follows from demanding the theory to be Lorentz
invariant (as in the bosonic case). So let’s take a look at the Light-Cone quantization.
3.1.3

Light-Cone Gauge quantization

In the light cone gauge quantization of the bosonic theory we used the residual reparametrization invariance to gauge away the + components of all the nonzero modes, while preserving
the covariant gauge. For the X + coordinate this is still possible in the supersymmetric case.
In the supersymmetric theory we, besides that, use also the freedom of gauge choice preserving local supersymmetric transformations. With the help of these we turn out to be able to
gauge away ψ + completely. So we set ψ + = 0.
If we rewrite the constraints in terms of the light cone coordinates and with taking
into account our gauge choice, we can express the - (’minus’) components in terms of the i
components:

αn−

D−2
∞
1 X X
=
(
: αn−m αm :
2p+ i=1 m=−∞

+

∞
X

(r − n/2) : bin−r bir :) −

r=−∞

b−
r

aδn
2p+

D−2 ∞
1 X X i i
α b
= +
p i=1 s=−∞ r−s s

After taking a look at both ways of quantizing we want to proof that these two ways
give us the same theory. This can be done by the so called ’No-Ghost Theorem’ which show
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that for D = 10 and a = 1/2 the manifestly covariant way of quantising (which is however
not manifestly ghost free) is actually equivalent to the light-cone gauge quantization and
therefore ghost free. With ’ghosts’ are meant states with negative norm. One can show that
these states are not present by introducing DDF operators, which describes the physical
transverse excitations. With these operators they form DDF states which are ’spurious’ (i.e.
states |φi for which hold that (L0 − 1)|φi = 0 and hφ|ψi = 0 for physical states |ψi) and
physical (Lm |φi = 0 and (L0 − a)|φi = 0 for m > 0). By showing that the complete basis
of the bosonic and fermionic modes can be expressed by DDF states together with their
orthogonal complements and that acting on these states with Lm and Gr again gives DDF
states they show that there are no ghosts in this theory.
3.1.4

GSO conditions

But the model as described above gives an inconsistent quantum theory. In particular we
still have the tachyons in our spectrum. To get rid of this and some other problems, we
mod out the theory by a discrete symmetry, by the so called GSO projection. The GSO
projection tells us to only keep the states with even quantum number (−1)F under which
Fermi fields ψ µ are odd and Bose fields X µ even. So a general state has (−1)F = (−1)n
but we only keep the states of (−1)F = +1. So we only keep the singlets of the symmetry.
Modding out a theory in this way will give us a consistent theory.
One nice aspect of the GSO projection is that it gives us a supersymmetric theory in
ten dimensions. You can show that if we impose both Weyl and Majorana constraints we
get a theory with the same amount of fermionic degrees of freedom as bosonic degrees of
freedom, which is a necessary condition for a supersymmetric theory. It turns out to be
possible in a 10 dimensional theory to apply these constraints at the same time. The proof
of supersymmetry is not yet given, but it is an ”encouraging indication”.

3.2

Green-Schwarz formalism

In the formalism described above it is not that clear that we indeed end up with a supersymmetry on the target space. And also the idea behind and the subtleties of the GSO projection
are not that simple. Luckily there is another formalism which is manifest target space supersymmetric and which turns to be equivalent to the former. This is the Green-Schwarz
(GS) formalism.
In the Green-Schwarz formalism we work with an action which is explicit invariant under
supersymmetry. We will introduce an action with a lot of symmetries. These symmetries
we will use for fixing the Light-cone gauge and for choosing the right representations for
our fermionic particles in order to get an equal amount of fermionic and bosonic degrees of
freedom. So let us take a look first at the symmetries which are present in the supersymmetric
theory. Before going to a theory of superstrings we first will take a look at the classical
superparticle.
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3.2.1

The classical superparticle

For the classical superparticle we can write down an action which is the simplest generalization of the action for the bosonic point particle which is still Lorentz invariant:
Z
1
S=
e−1 (ẋµ − iθ̄A )2 dτ
2
Here e, the vielbein on the worldline, is an auxilairy field. This action has a lot of
symmetries:
• Local reparametrization τ → f (τ )
• Poincaré
δxµ = aµ + bµν xν
δe = 0
• Supersymmetry
δθA
δxµ
δ θ̄A
δe

=
=
=
=

A
i¯A Γµ θA
¯A
0

• κ-symmetry (local fermionic symmetry)
δθA = iΓ · pκA
δxµ = iθ̄A ΓδθA
δe = 4eθ̄˙A κA
• Local bosonic symmetry
δθA = λθ̇A
δxµ = iθ̄A Γµ δθA
δe = 0
This local bosonic symmetry is not independent in that sense that it is not implying any
new conditions beyond those that follow from the other symmetries. It doesn’t change the
on-shell number of degrees of freedom. But what is this κ-symmetry? This κ-symmetry can
be seen in the equations of motion which we can compute for the given action:
p2 = 0, ṗµ = 0, Γ · pθ̇
22

where pµ = ẋµ − iθ̄A Γµ θ̇A . In the e.o.m’s θ always appears in the combination Γ · p, while
this matrix (Γ can be seen as a vector with matrices in it) has only half the maximum rank
because (Γ · p)2 = −p2 = 0. So for half of the components of θ it does not really matter
which value they take, the are ’decoupled’ from theory. So the presence of the κ-symmetry
costs half of the components of the fermionic coordinate.
3.2.2

The superstring

In analogy of the classical superparticle we can now formulate the action for a classical superstring. But the first guess we would make, i.e. the simplest Lorentz invariant supersymmetric
action for a string, doesn’t have the κ-symmetry which is present in the superparticle case.
For this reason the θ then would describe twice as much degrees of freedom as in the particle
case. This in principle is not a problem but it nevertheless turns out that we need this
κ-symmetry to get the right amount of fermionic degrees of freedom.
It turns out to be possible to add a term to our first guess to make the action κ-symmetric.
But this doesn’t work for a general theory. It puts some constraints on our theory, in
particular on the number of supersymmetries present in the theory, namely N ≤ 2. Where
N denotes the number of super symmetry parameters. After adding this term the action
becomes:
Z
h √
1
d2σ − hhαβ Πα · Πβ
S =
2π


+ 2 −iαβ ∂α X µ θ̄1 Γµ ∂β θ1 − θ̄2 Γµ ∂β θ2

+ αβ θ̄1 Γµ ∂α θ1 θ̄2 Γµ ∂β θ2

(19)

The term between {} is the term which had to be added to get back the κ symmetry.
This term is a so-called ’topological term’ and does, due to the absence of hαβ , not contribute
anything to the energy-momentum tensor and has no influence on any of the other symmetries
present in the action.
Now you can in principle check that there is N = 2 supersymmetry in this action, but
only under one of the following four conditions:
• D = 3 and θ is Majorana
• D = 4 and θ is Majorana or Weyl
• D = 6 and θ is Weyl
• D = 10 and θ is Majorana-Weyl
Only in these specific cases a term contributing to the variation of the action (19) becomes
zero. In the end, by further conditions following from the quantization, we will see that from
these four options the last one is singled out.
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Now we can take a look at the symmetries of the classical superstring. By construction
the action has the following symmetries, for the given conditions on the space-time dimension
and the spinor representations:
• Local reparametrization
• Weyl invariance
• κ-symmetry (+ local bosonic symmetry)
• Poincaré
The first three symmetries are symmetries of the world-sheet which we will use to make
a gauge choice for our metric: hαβ = ηαβ . The last one is a symmetry in target space. But
with this gauge choice we don’t use all the freedom we had to make specific choices. It turns
out that besides that we are able to enforce the following conditions:
• Γ+ θ1 = Γ+ θ2 = 0 (Light-cone gauge choice)
• X + (σ, τ ) = x+ + p+ τ (all αn+ for n 6= 0 set to zero)
In this way are able to reduce the components of θ from 32 complex components (a Dirac
spinor in 10 dimensions) by first imposing the Majorana-Weyl condition (→ 16 real components) and then the light-cone gauge condition to 8 real components. We then can identify
these 8 components with the transversal directions and put them in an eight dimensional
representation of the SO(8) group.

3.3

Type II superstring theory

In the given Lagrangian (19) we used two different θ’s, θ1 , θ2 . These different θ’s originate
from the fact that this theory has two different supersymmetric transformations, with two
different parameters 1 , 2 . These two different transformations lead to two sets of eight
components which we can put in two different representations of the SO(8) group. The
SO(8) group has actually three different eight-dimensional irreducible representations, the
vector representation 8v and two unequivalent spinor representations 8s and 8c .
It is a ’coincidence’ that in the case of SO(8) the vector representation has as much
components as the spinor representation. For general groups this is not the case, and this
’coincidence’ goes under the name of ’triality’. Having three different representations means
that these three different sets of eight numbers transform different under SO(8) transformations because they come along with different sets of generators. A group element of SO(8)
can be represented by
→
−
→−

g = eα·T R
→
−
−
Here →
α are the parameters and T R the generators belonging to a specific representation.
The representations define the rules under which they transform, the parameters can be
24

−
freely chosen. But it is not possible to find a specific set →
α to make a linear combination of
generators belonging to one of the representations which forms all the generators belonging
to another representations.
So we can put our coordinates in three different representations:
• X i=1,...,8 (8v )
1
• θa=1,...,8
→ Sa=1,...,8 (8s ) or Sȧ=1,...,8 (8c )
2
• θa=1,...,8
→ S̃a=1,...,8 (8s ) or S̃ȧ=1,...,8 (8c )

√
We go from θ to S by multiplying with the number p+ , just for convenience.
S denotes the right moving modes, S̃ the left moving ones. We can make different choices
for which representation we want to use. This is connected with the choice we make for the
chiralities of the fermions of our theory. It doesn’t matter in which representation we put
S, what matters is where we put S̃ after making a choice for S. So let’s put S in 8s . We
have two different choices here, either we choose them to have the same chirality (we use Sa
(8v ) and S̃a (8v )) or we choose them to have opposite chirality (Sa (8v ) and S̃ȧ (8c )). From
this choice we get two different string theories, namely the two type II theories. If we choose
them to have the same chirality we end up with type IIB and if we choose them to have
opposite chirality we will get type IIA.

3.4

The supersymmetric string spectrum

As said before we are only interested in the massless states of the spectrum because for very
small strings (i.e. in low energy limits) the masses of the massive states will become too big
to be of physical relevance. In the supersymmetric case we don’t have the tachyon, so the
lowest state is the massless state. This massles state is degenerate and we can find all of
them by applying the fermionic zero mode operators S0a (and S˜0a in the closed string case).
Only these modes give massless states because they are the only ones which are commuting
with the mass operator:
M2 =

2(N + Ñ )
α0

with
N≡

∞
X

a
i
α−n
αni + nS−n
Sna

n=1

and
Ñ ≡

∞
X

i
a
S̃na
α̃−n
α̃ni + nS̃−n

n=1
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(20)

the level operators for the right- and left-moving excitations. Only the fermionic zero modes
commutes with this operator because of the presence of the n in the ’fermionic part’ of the
level operators, which is zero for the lowest level.
In principle we should now be able to build the spectrum by making creation- and
annihilation-operators out of the modes. But because all the modes are real we can’t do
that. For that reason we first decompose the SO(8) group in SU(4) × U(1) by making complex combinations of the modes (S01 ± iS02 → b1 , b†1 etc.). With this operators we can make
the spectrum which we can interpret if we undo the complexification to get back our SO(8)
representations.
It in the end turns out that for the right-moving sector the NS sector of the RNSformalism transforms like a (8v ) and the R sector like a (8c ). So the right-moving sector can
be put in a (8v ⊕ 8c ). It turns out that the left-moving sector generated by S̃ ȧ furnishes a
(8v ⊕8s ). The total spectrum then is generated by the product of two of these. Depending on
our choice of the chiralities this gives us (8v ⊕8c )⊗(8v ⊕8c ) (Type IIB) or (8v ⊕8c )⊗(8v ⊕8s )
(Type IIA).
The NS-NS sector which is giving bosonic states is common to both the two types:
(8v ⊗ 8v ) = 35v ⊕ 28v ⊕ 1 → gµν ⊕ Bµν ⊕ φ. Where gµν is the graviton (the metric) which is
symmetric and traceless, the 2-form antisymmetric Bµν and the dilaton φ which is a scalar.
These three fields are called the universal bosonic sector because they appear in all the five
different string theories.
The bosonic states of the R-R sector differs for the two types II string theory:
(8c ⊗ 8s ) =
56v ⊕ 8v →
C3 ⊕ C1 (IIA)
(8c ⊗ 8c ) = 35c ⊕ 28c ⊕ 1 → C4 ⊕ C2 ⊕ C0 (IIB)
The fermionic content of the spectrum is given by the NS-R and the R-NS sectors. If we
write down the full spectrum for the two types this gives us, for type IIA:
(8v ⊕ 8c ) ⊗ (8v ⊕ 8s ) = (35c ⊕ 28c ⊕ 1 ⊕ 56v ⊕ 8v )B
+(56s ⊕ 8s ⊕ 56c ⊕ 8c )F
and for type IIB:
(8v ⊕ 8c ) ⊗ (8v ⊕ 8c ) = (35v ⊕ 28v ⊕ 1 ⊕ 35c ⊕ 28c ⊕ 1)B
+(56s ⊕ 8s ⊕ 56s ⊕ 8s )F
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Part II

Supergravity
4
4.1

Ungauged supergravity
From strings to supergravity

As we have seen in section (2.3), we can derive the Einstein’s equations by demanding the
action of a particle in a gravitational background field to be scale invariant. We derived
it in the bosonic string theory which leads to a 26-dimensional Einstein equation, but by
adding supersymmetry we would end up in a 10-dimensional curved space-time. We, of
course, would like to get a theory which describes our own 4-dimensional space-time. In
order to get from 10 dimensions to 4, one needs to perform what is called a compactification.
This compactification can be seen as rolling up some of the dimensions and in this way
transforming space-time symmetries into internal, i.e. gauge symmetries. These rolled up
dimensions can only be seen on a very small spatial scale, i.e. on a very high energy scale.
The degrees of freedom of the fields in these dimensions get infinitely heavy when we take
the limit of the radii of the compactified dimensions to zero. So for the low energy limit these
degrees of freedom decouple from the theory. In that sense theories with these compactified
dimensions are the low energy limit of certain string theories.
We will not go in any detail about these compactifications, but there are many ways to
perfom one. The simplest possibility is the compactification of a (D + n) space-time on a
n-Torus. An n-torus is an n dimensional generalisation of the circle and the 2 dimensional
torus (the well-known donut-shaped object embedded in three dimensional space).
But by using this n-torus we will not end up with the model we want to reproduce,
namely the standard model combined with general relativity. We do not get the right gauge
symmetries. Instead in general we get much simpler symmetry groups, in particular we end
up with only a U (1)n gauge symmetry. To solve this problem, one can compactify on more
complicated manifolds (on spheres S n for example) or add fluxes to the higher dimensional
theory. These fluxes are the analogues of the classical fluxes in electromagnetism, but are
self maintaning (without the presence of charges) due to non trivial cycles of the manifold.
One difference between compactifications on T n and on more complicated manifolds is
that in the last case in general one gets non-abelian gauge symmetries under which the
fields are charged, which are the so-called gauged supergravities. The theory one gets when
compactifying on the n-torus is called ’ungauged’. These non-abelian gauge symmetries are
one of the main reasons to be interested in gauged supergravities because if we want te
reproduce the symmetries of the standard model we will need these bigger gauge symmetry
groups.
Another interesting aspect is that these theories have a scalar potential, which is interesting because this scalar potential could support an effective cosmological constant, give mass
terms for the fields, lead to spontaneous supersymmetry breaking, etc.. From a supergravity
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point of view these scalar potential terms are needed to restore supersymmetry.
Instead of doing compactifications of the more complicated manifolds or in the presence
of fluxes, we can also first compactify on an n-Torus and then gauge this theory. In this
way you also end up with gauged supergravity theories, where the deformation parameters
of the more complicated manifolds are incorporated as gauge parameters in the gauging
procedure. This is the path we will take, and in this chapter the ungauged supergravity
theory is discussed.
To get a bit more feeling for what is happening when we compactify a theory, we can
follow the sketch of Samtleben in [8] of the reduction of the pure gravity case in (D + n)
dimensions on an n-torus to D dimensions. Here we will use the following indices:
curved indices (manifold)
(D+n) dim. space time M, N = 0, . . . , D+n-1
D dim. space time
µ, ν = 0, . . . , D-1
n circles (T n )
m = 1, . . . n

flat indices (tangent space)
A, B = 0, . . . , D+n-1
α, β = 0, . . . , D-1
a,b = 1, . . . , n

In compactifying dimensions we for all fields take a normal mode expansion on an n-torus
with radii R1 , . . . , Rn
φ(x, y) =

X

φk1 k2 ...kn (x)e2πik1 y

1 /R
1

e2πik2 y

2 /R
2

· · · e2πikn y

n /R
n

(21)

k1 ,...,κn ∈Z

where x, y are coordinates in the reduced space-time and the internal manifold respectively.
Because M 2 of these fields are proportional to 1/Ri2 , for k1 , . . . kn 6= (00 . . . 0) they become
infinitely heavy when the limit of the R’s going to zero is taken. So the fields with k1 , . . . , kn 6=
(00 . . . 0) are decoupled and the left over fields are independent of y m .
Using the Lorentz invariance in (D+n) dimensional space-time we can write its vielbein
EM A in terms of the D dimensional vielbein eµα and two matrices Vm a and Bµ m as



EM A

 eκφ eµα

 (D×D)
=



0

eφ/n Vm a Bµ m 


(D×n)



φ/n
a

e Vm

(22)

(n×n)
1
With κ = − D−2
. In D dimensional space φ, Vm a are scalar fields and Bµ m are n vectors
fields. Putting EM A in this form breaks SO(1, D + n − 1) down to SO(1, D − 1) × SO(n).
The SO(1, D − 1) acts as a D dimensional Lorentz transformation on eµα and the SO(n) is
a local symmetry on V. We can use this symmetry to remove 21 n(n − 1) components of V.
Also V ∈ SL(n), as we see later on, so the scalar fields transform under this global SL(n)
and the local SO(n) as:
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δV = ΛV + Vk(x)

(23)

We will come back to this later.
A diffeomorphism on EM A is given by
δEM A = ξ N ∂N EM A + EN A ∂M ξ N .

(24)

From this we get under dimensional reduction again diffeomorphisms on the fields in D
dimensions. But for the part with ξ m (x) (parameters living in the dimensions of the T n but
depending on the coordinates of the D dimensions) we get a transformation on Bµ m of the
following form:
δBµ m = ∂µ ζ m (x)

(25)

while the graviton and the scalars are not transforming. This is the transformation of a U (1)n
symmetry with gauge fields Bµ m . Then we have diffeomorphisms of the form ξ m (y) = g mn y n
which induces the global SL(n) transformation on the scalar fields given in (23) and one on
the vector fields given by:
δBµ m = −g mn Bµ n

(26)

Here we have taken the matrix g mn to be traceless: g mm ≡ 0. This trace is also acting
on the vielbein eµα and has for that reason to be accompanied by a Weyl scaling to get a
proper of-shell symmetry:
δφ = n(D − 2),

δBµ m = −(D + n − 2)Bµ m

(27)

These are all the symmetries inherited from the diffeomorphisms in (D + n) dimensions.
This case was for pure supergravity. If we add more supersymmetry, and thus more p-forms,
we end up with bigger global symmetry groups as we will see later for N = 4.

4.2

Minimal supergravity

Supergravity is a supersymmetric theory containing a super with a spin-2 state in it which
can be identified with the gravitational field. To let this theory really be about gravity we
need to get invariance under diffeomorphisms. This request leads in the non-supersymmetric
case to a dynamical metric and gives us General Relativity. It turns out that by making a
supersymmetry of a theory local, we force it to be invariant under diffeomorphisms. This
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can be seen by considering the local supersymmetric transformations on the bosonic (B) and
fermionic (F ) field. Schematically these are as follows:
δ B = ¯(x)F, δ F = (x)∂B → [δ1 , δ2 ]B = (¯1 γ µ 2 )(x)∂µ B

(28)

Here the right hand side is a local diffeomorphism in space-time. So a local supersymmetric
theory automatically includes local diffeomorphism invariance and thus will have a dynamical
metric and includes gravity in this way.
If we consider a N = 1 supergravity theory (i.e. a theory where we have only one
supersymmetric parameter) the graviton is forming a supermultiplet with a spin- 32 field ψµa
which has a spinor as well as a vector index. This field is called the ’gravitino’ and such a
supermultiplet is called simply a supergravity multiplet. Besides being the superpartner of
the graviton it is also the gauge field coming from the gauging of the supersymmetry. We do
expect a spin- 23 state to be the gauge field because the supersymmetry transformation has a
spin- 12 parameter.
Due to the presence of the gravitino we have problems to describe the theory on a curved
background because transformations of spinors are not well defined there. The solution to
this problem goes by introducing the vielbein eaµ which takes lower space-time curved vector
indices µ to lower flat ’Lorentz’ indices a.
The vielbein is defined as

eµa (x0 ) :=

∂y a (x0 ; x)
∂xµ

x=x0

(29)

Where y a (x0 ; x), a = 0, . . . , 3 denotes a coordinate frame which is inertial at space-time
point x0 . The vielbein is related to the metric by:
gµν (x) = eµa (x)eν b (x)ηab

(30)

with ηab = diag(1, −1, −1, −1) the Minkowski metric1 .
4.2.1

The Lagrangian

The full supersymmetric lagrangian is be given by [8]:
1
1
L0 [e, ψ, ω] = − |e|eaµ ebν Rµν ab + µνρσ ψ̄µ γν γ5 Dρ ψσ
4
2
1
− |e|(Ka ac Kb bc + K abc Kcab )
4
Where
1

For more on the Vielbein formalism, see e.g. [11]
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(31)

1
K aµ b = −i(ψ̄ [a γ b] ψµ + ψ̄ a γµ ψ b )
2

(32)

This Lagrangian can be derived in different ways, for example by starting with a global
supersymmetric theory and then applying the Noether procedure to it. A point of attention
here is that because of the relation between supersymmetry transformations and the diffeomorphisms (28) we will have a dynamical metric in our theory. For that reason we have to
introduce not only a kinetic term for the gravitino field but also for the gravitational field
in order to get a supersymmetric theory because they live together in a superdoublet. This
makes the procedure a bit lengthy, but it can be done. We will just state here the result and
refer to [8] for a derivation (though he is also not deriving the lagrangian by the full Noether
procedure).
The first term of 31)is the well known Einstein-Hilbert term rewritten in vielbein quantities. By setting ψ to zero we would get from this the Einstein equations Rµν − 12 Rgµν = 0.
The second term denotes a kinetic term for the gravitino ψ, with in the third term explicitly
the terms quartic in the fermions which come along with introducing the second term.
The supersymmetry transformations are given by:
δ eaµ = −¯γ a ψµ
δ ψµ = D̂µ 

(33)

with D̂µ = Dµ (ω̂), where Dµ is the covariant derivative given by:
1
Dµ = ∂µ + ωµab Mab
2

(34)

This derivative is covariant under local Lorentz transformations, i.e. under rotations and
boosts of our local Lorentz frame. ω̂ then is defined as:
ω̂µ ab = ω̂µ ab [e, ψ] = ωµ ab [e] + K aµ b ,

(35)

µ
ωab
are the gaugefields of the gauging of the Lorentz group (which together are called the
spin connection) and Mab the generators of these transformations. The spin connection is
defined by demanding the invariance of the vielbein under the local Lorentz transformations:

1 a
Dµ eaν − Γλµν eaλ = 0 → D[a eaν] = Tµν
2

(36)

a
the torsion tensor. This equation can be solved for ω which is, in case of zero
With Tµν
torsion, only depending on the vielbein. For the full supersymmetric action (31) the torsion
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is non-zero due to the presence of the second term in (31), the kinetic term for ψ. Then the
solution is given by (35).
In principle it is possible to show that the given lagrangian (31) has a local supersymmetry
and thus gives really a supergravity theory. But because of the presence of K aµ b and its
dependence on ψ this is quite a tough task. For this reason other formalisms are developed
to make the computations easier. The most common used one is called the ”1.5th order
formalism” because it uses aspect of the second order formalism (doing the full calculation
starting from (31)) and the first order formalism where the spin connection is treated as
independent field.
We can shortly state the idea behind the first order formalism. As we stated, ω is a
dependent field. It is totally determined by the values of the vielbein. Nevertheless you can,
as a formal trick, consider ω as a independent field and then you will get two first order
field equations instead of the second order Einstein equation. We then still get the Einstein
equations but these become linear because we express it in terms of ω and its derivative.
The second equation we will find, gives us precisely (36) for zero torsion.
Together with the Lorentz transformations (Mab ) and the translations, the supersymmetry transformations (33) form a supersymmetry algebra. This supersymmetry algebra should
close on the fields of our theory e, ψ, ω. This turns out to give constraints on the gravitino
field which can be interpreted as equations of motion. This means that the supersymmetry
algebra only closes on-shell. Schematically this super-Poincaré algebra is given by:
[M, M ] ∝ M,
[M, Q] ∝ Q,

4.3

[P, M ] ∝ P,
{Q, Q} ∝ P

(37)

Extended supergravity

Untill now we discussed supergravity theories with only one supersymmetric parameter,
the so called ’minimal supersymmetric’ theories, denoted by the number of supersymmetric
generators: N = 1. By extending the number of supersymmetries, we have to use bigger
supermultiplets. In the end we are interested in the 4 dimensional, half maximal supergravity
theory. Maximal supersymmetry theories in 4 dimensions have N = 8, so half-maximal
means N = 4.
In the N = 1 case we got a multiplet with in it a graviton and a gravitino. However
we also could have made multiplets with other field content, for example a vector multiplet
M
M
(χM , AM
for each M, or the
µ ) with one spin-1 gauge field Aµ and one spin-1/2 fermions χ
gravitino multiplet which consists of the gravitino and a spin-1 field.
However adding this last multiplet to a supergravity multiplet implies introducing another
local supersymmetry. We then get an N = 2 supergravity theory, with a supermultiplet
which is the combination of the two supergravity N = 1 multiplets, consisting of one spin-2,
two spin-3/2 and one spin-1 fields. To get to N = 4 we have to do this trick another two
times to get a multiplet with one spin-2, four spin 3/2, six spin-1, four spin 1/2 and one
spin-0 fields.
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Apart from this supergravity multiplet we also could think of other kinds of multiplets
in N = 4, for example the vector multiplet consisting of one field with helicity 1 and -1,
four with helicity 1/2 and -1/2, six spin-0 fields. The possible multiplets are limited by the
fact that we are not able to write down a consistent theory in 4D containing particles with
higher spin than 2. In particular, this is the reason why we can not have a theory with more
supersymmetry than N = 8, and that for N = 8 there exists only one possible multiplet.
4.3.1

N = 4, D = 4

In our N = 4 supergravity theory in four dimensions, we have a supergravity multiplet and
we can add as many vector multiplets as we want. From the compactification procedure
follows that het global symmetry group for this theory is G = SL(2) × SO(6, 6 + n). Here
n is the number of vector multiplets we added. For (half) maximally theories the scalars
end up in a non-linear representation of the global symmetry group which is isomorphic to
a G/K coset space symmetry group. This follows from the compactification procedure as
we saw in section (4.1) and origninates from the inheritance of the local symmetry group
from the higher dimensional Lorentz symmetry. The coset space where the scalars of the
four dimensional half maximal supergravity theory live in is given by

G/K =

SO(6, 6 + n)
SL(2)
×
SO(2) SO(6) × SO(6 + n)

(38)

It appears to be convenient to put the scalars in a matrix which is an element of G : V ∈ G.
From this V we can construct an element of the Lie Algebra of G: Jµ = V −1 ∂µ V ∈ Lie G.
This ’current’ can be decomposed into a compact and a non-compact part:
Jµ = Qµ + Pµ , Qµ ∈ Lie K, Pµ ∈ complement of Lie K

(39)

The compact part is modded out of the G symmetry, as can be seen at (38), so the
non-compact part of Jµ is being used in the kinetic term of the action for the scalars:
1
Lscalar = − eTr[Pµ P µ ]
2

(40)

which can be written equivalently in terms of
M ≡ V∆V T ,

(41)

with ∆ a constant K-invariant positive definite matrix, as
1
Lscalar = Tr(∂µ M∂ µ M−1 )
8
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(42)

which is invariant under the following global G and local K transformation:
δV = ΛV − Vk(x); Λ ∈ Lie G, k ∈ Lie K

(43)

This K-symmetry can be fixed by choosing a specific form of the matrix V, i.e. to choose
a set of representatives. But when we fix V we have to take care of the invariance of the
action under the given transformation. To do this we have to make k dependent on Λ and
on the fields in order to make sure that the transformed V has still the right form of our
gauge choice. Making k depending on the fields makes the transformation non-linear. We
also could stay with the K-symmetry without gauging it. In that case we would keep linear
transformations but also would stay with a lot of unphysical degrees of freedom in our theory.
4.3.2

Coset space SL(2)/SO(2)

Let us see how this looks like for the coset space SL(2)/SO(2) which is part of the coset
space of the theory we are interested in. Lie SL(2) has three generators, given by:

h=






1 0
0 1
0 0
; e=
; f=
;
0 −1
0 0
1 0

(44)

while the only generator of Lie SO(2) is:

g=


0 1
;
−1 0

(45)

which of course equals (e − f ).
Now, let us put V in what is called the triangular gauge, which can be done by constructing it in the following way:


 φ
  φ
1 C
e
0
e Ceφ
(46)
V=e e =
=
0 e−φ
0 1
0 e−φ

if we now would apply an operator of the form n1 10 ∈ SL(2) we see that it does not
stay in the gauge:
ce φh



 φ
  φ

1 0
e Ceφ
e
Ceφ
=
n 1
0 e−φ
neφ neφ + e−φ

(47)

In the matrix notation we let the SL(2) generator (from the global G symmetry) working
β
from the left, and the SO(2) (the K-symmetry) from the right δVα α = Λαβ Vβ α + Vα kβ α .
The SO(2) transformation has the form

e

ωg


=

cos ω sin ω
− sin ω cos ω
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(48)

If we apply this one from the right to (46) we get:

=

 φ


e Ceφ
cos ω sin ω
0 e−φ
− sin ω cos ω
 φ

e cos ω − Ceφ sin ω eφ sin ω + Ceφ cos ω
−eφ sin ω
e−φ cos ω

(49)
(50)

So for V to get back in the right form (46) after the transformation by both SO(2) and
SL(2), we have to relate ω and φ:
neφ − sin ωe−φ = 0 → ω = sin−1 (ne2φ )
If we put this back in the K-transformation we see that the result indeed is a non-linear
transformation due to the dependence of the transformation parameter ω on the fields φ.
We now can calculate Jµ and decompose it as in (39):

V

−1



∂µ φ e−2φ ∂µ C
∂V =
0
−∂µ φ
= ∂µ φh + (e−2φ ∂µ C)e + 0 · f
1
1
= ∂µ φh + (e−2φ ∂µ C)(e + f ) + (e−2φ ∂µ C)(e − f )
2 {z
|
} |2
{z
}
=Pµ

(51)

=Qµ

where we have isolated the non-compact and the compact part respectively. Now we are
able to write down the Lagrangian explicitly from (40):
1
1
∂µ τ ∂ µ τ ∗
e−1 Lscalar = −∂µ φ∂ µ φ − e−4φ ∂µ C∂ µ C = −
2
4
4(Iτ )

(52)

where we expressed it in terms of a complex scalar field τ = C + ie2φ .
In terms of τ a SL(2) transformation can be given as:
aτ + b
τ→
, for exp(Λ) =
cτ + d




a b
∈ SL(2).
c d

(53)

where we easily can recognize the non-linear character of the transformation.
4.3.3

Vectors

Vectors live just in the normal linear representation of G, in our case SL(2) × SO(6,6+n).
They transform as follows:
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A
M N
δAM
µ = −Λ (tA )N Aµ

(54)

Here the (tA )N M are the generators of Lie G in the fundamental representation. In terms
M
M
of the field strength Fµν
≡ ∂µ A M
ν − ∂ν Aµ we can give the action for the vector fields:
1
M µνN
Lkin = − eMM N Fµν
F
4

(55)

In the matrix M the dependency on the scalar fields of the compactified field strength
FµνA is parametrized. For general p-forms BνI1 ···νp the action is given by:
Lkin = −
4.3.4

1
MIJ FνI1 ...νp+1 F ν1 ...νp+1 J
2(p + 1)!

(56)

Dualities

For the field strenght corresponding to a p-form you can define a field strength corresponding
to a (D-2-p) form which is equivalent in terms of physics. This can be done only on-shell.
What is called the dual field strength is defined as
Gµ1 ...µ(D−p−1) I ≡

e
µ ...µ
MIJ F ν1 ...νp+1 J
ν ...ν
(p + 1)! 1 D−p−1 1 p+1

(57)

In terms of this field strenght the equations of motions and the Bianchi identity change
role:
J
∂ µ (MIJ Fµν
) = 0 → ∂[µ1 Gµ2 ...µD−p I = 0
1 ...νp

(58)

∂[ν1 FνI2 ...νp+2 ] = 0 → ∂ µ (MIJ Gµν1 ...νD−p−2 J ) = 0

(59)

and

Locally we then can define a (D − p − 2) form CI of which GI the fieldstrength is:
Gµ1 ...µD−p−1 I ≡ (D − p − 1)∂[µ1 Cµ2 ...µD−p−1 ]I

(60)

In even dimension we have that ( 21 D − 1)-forms are self-dual. They form a pair (B Λ , BΛ ),
but only half of them appear in the Lagrangian.
The self-duality equation is given by
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FνP1 ...νK = −

e
ν1 ...νK µ1 ...µK ΩP Q MM R F µ1 ...µK R
K!

(61)

The action of this dual field, in terms of its field strength, mixes the components of
the vector (B Λ , BΛ ). So, in even dimension, G is only realized on-shell because only the
pair as a whole transforms in an irreducible representation of G. In analogy of the classical
electric and magnetic fields, which are also dual in this sense, we can choose different frames
to describe the same physical situation. Different splittings correspond to different electric
frames which are related by sympletic/orthogonal rotations.
In the end we will be interested in the the half-maximal theory in four dimensions. In
α
this case the vectors AM
live in bifundamental representations of SO(6,6+n) × SL(2), with
µ
indices M and α respectively. Now the electric/magnetic split can be chosen such that it
breaks the SL(2) doublet index: Amα → (Am+ , Am− ).
In this case the lagrangian can be given by

Lkin

1
=−
4



m+ µνn+
eI(τ )Mmn Fµν
F

1
m+ n+
Fστ
+ µνστ R(τ )ηmn Fµν
2


(62)

Where the matrix (41) is factorized according to MM αN β = MM N Mαβ , ηmn the metric of
SO(6,6+n), and τ given above (53).

5

Gauging Supergravity

By gauging a supergravity theory we mean promoting a subgroup of the global symmetry
group G0 ⊂ G into a local symmetry. To do this we select generators of G of which we want
to gauge the associated symmetries by defining what is called an embedding tensor:
XM ≡ ΘM A tA

(63)

Here XM are the generators of G0 and tA the generators of G. This embedding tensor Θ
is a matrix with its indices living in the fundamental (M = 1, . . . , nv ), with nv the number
of vector fields in the theory, and adjoint representation (A = 1, . . . ,dim G). A specific
choice of Θ is a choice for a specific gauging. The main advantage of the embedding tensor
formalism is that it gives a way for doing the whole analysis G covariant, untill a choice for
a specific Θ is being made.1

5.1

Quadratic constraints

When we gauge our theory, we also should introduce a covariant derivative. In our case the
covariant derivative is defined as:
1

More on the embedding tensor formalism and uses of it can be found in [9],[1]
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Dµ ≡ ∂µ − gAM
µ XM

(64)

where XM is given by (63). Given this derivative, the theory should be invariant under
∂V = gΛM XM V
M P
∂AM
= Dµ ΛM ≡ ∂µ ΛM + gAN
µ
µ XN P Λ

(65)
(66)

Where ΛM = ΛM (x) is a local parameter and XN P M is defined by
XN K M ≡ ΘN A (tA )K M

(67)

So, due to the appearance of Θ in the transformation rules it determines the couplings in the
theory. Different Θ will give different gaugings, different interactions and different equations
of motions for the fields.
However, if we want to get a consistent theory, we can’t choose the embedding tensor
arbitrarily. To let the theory be consistent and supersymmetric, it has to satisfy two nontrivial constraints, namely a linear and a quadratic constraint. The quadratic constraint
follows from the fact that Θ should be invariant under the local gauge symmetry:
δP ΘM A ≡ ΘP B δB ΘM A = ΘP B (tB )M N ΘN A − ΘP B (tB )C A ΘM C = 0

(68)

Because the gauge transformation is both defined by and applied on the embedding it is
quadratic in it. By contracting this expression with a generator tA we get the quadratic
constraint in the following form:
[XM , XN ] = −XM N P XP ≡ −ΘM A (tA )N P XP

(69)

which looks like a normal commutator of a Lie algebra, but is not exactly this as we will see
soon.

5.2

Linear constraints

Let us now go on to the linear constraints. The linear constraints puts conditions on the
representations in which the embedding tensor can live. They project out some of the
representations because these would not lead to consistent theories. For our theory, there
are two ways in which we can see that the linear constraints are necessary. In one way it
follows from a purely bosonic condition for being able to write down a consistent action. But
the constraint also follows from the requirement that the theory, after gauging, should still
be invariant under supersymmetry.
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5.2.1

Bosonic argument for linear constraints

Having defined the covariant derivative (64), we want to construct a field strength for AM
µ . It
is not straigthforward to define a covariant field strength due to the presence of a symmetric
part in the ’structure constant’ of the commutator relation (69):
XM N P ≡ X[M N ] P + Z PM N

(70)

where, of course, Z PM N = X(M N ) P . This problem originates from the fact that we chose
to work in a G-covariant formulation, because of what we have defined our embedding tensor
in terms of all the nv generators corresponding to G. The embedding tensor can then be seen
as selecting a subset of the vector fields to be the gauge fields of our gauged theory. But
because in general nv is bigger then the dimension of G0 not all the components of Θ are
non-zero and thus not all the XM are linearly independent. So the vector fields AM
µ split
into two sets:
• Am
µ → transforming in the adjoint of G0 : the gauge vectors
• Aiµ → transforming in some representation of G0 : the remaining vectors
If we now would formulate just a normal field strength in terms of both these sets vector
fields, we would not end up with a covariant field strength. We can solve this problem in a
very general way by defining a full covariant field strength:
M
M
PQ
Hµν
= Fµν
+ gZ MP Q Bµν

(71)

(P Q)

PQ
where we have introduced a two-form Bµν
= B[µν] , and F is the ’normal’ field strength:

M
M
M N P
Fµν
= ∂µ AM
ν − ∂ν Aµ + gX[N P ] Aµ Aν

(72)

By introducing extra fields you alway can make your theory covariant. This is called
the ”Stückelbergtrick”. Z is called the intertwining tensor. The idea is that when we
define the appropiate transformation rules for these new two-forms they can cancel the bad
transformational behavior of the non-gauge vector fields. The appearance of Z MP Q follows
from the fact that the transformations of the remaining vector fiels also are projected with
Z. In particular this above defined field strength is covariant under the following set of gauge
transformations:
M
δAM
− gZ MP Q ΞPµ Q
µ = Dµ Λ
(M

N)

MN
N
N)
δBµν
= 2D[µ ΞM
− 2Λ(M Hµν
+ 2A[µ ∂Aν]
ν]
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(73)

Where ΞPµ Q are the parameters of the gauge transformation associated with the two-forms.
MN
But these two-forms Bµν
should be found between the two-forms which are already
present in the theory in order to stay covariant under supersymmetry. This gives conditions
on Z MP Q because this tensor should only project onto the representations filled by the twoforms of the ungauged theory. And because Z = Z(Θ), from this the lineair constraint on
Θ follows.
5.2.2

Supersymmetry argument for linear constraint

The linear constraint also follows from the fact that we want to end up with a theory which
is supersymmetric, which is not necessarily the case anymore after the gauging we did. First
we will try to find a lagrangian which is compatible with the new transformation rules (73).
Note that these rules imply a non-trivial coupling between the fieldstrengths of a p and a
(p − 1)-form since the full set of gauge transformations are (symbolically) [9]:
∂V
∂Aµ
∂Bµν
∂Cµνρ

= ΘΛV
= Dµ Λ − gΘΞµ
= 2D[µ Ξv] + · · · − gΘΦµν
= 3D[µ Φνρ] + · · · − gΘΣµνρ
etc...

(74)

So due to this transformation rules, we have more fields in our gauged theory than we had
in our ungauged theory. And in even dimensions we also get extra fields in our Lagrangian
from the self-dualities which we can not leave out because in the gauged theory we are
working with a G covariant action. This could cause problems in terms of inconsistent field
equations, but this turns out to be not the case. Suprisingly, the topological terms, which are
necessary from a supersymmetric point of view, make the field equations of these additional
fields consistent. This gives a purely bosonic reason for the appearence of these topological
terms. Which is rather suprising. In D=4 for example, gauge invariance of the Lagrangian
requires topological terms which make the field equations of the magnetic duals exactly the
duality equation!
In this way we are able to construct a gauge invariant Lagrangian. But this Lagrangian is
not invariant under supersymmetry anymore. This can be restored by introducing fermionic
mass terms of the form (schematically [9]):
Lf m = g(ψ̄ i Aij ψ j + χ̄A BAi ψ i + χ̄A CAB χB ) + h.c.

(75)

where ψ i and χA are gravitons and spin-1/2 fermions respectively and where the indices
i and A refer to their transformation character under the local K-transformation. These
Aij , BAi and CAB are constrained by the facts that:
• Lf m must be invariant under K-transformations
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• They must be expressed in terms of ΘM A in order to be able to cancel the supersymmetry violating terms in the Lagrangian
Specifically they are defined as components of the following T-tensor:
TN B ≡ ΘM A V MN VA B

(76)

where the underlined indices refer to the transformation behaviour under the local subgroup
K. M, N refer to the fundamental and A, B to the adjoint representation. For cancelling the
supersymmetry violating terms, the mass tensors in Lf m should live in representations which
are present in the decomposition of the G-representation of Θ under the compact subgroup
K.
So for the theory to be supersymmetric, the components of the mass tensors which are
not present in the decomposition of Θ should be projected out. This exactly is been done
by the linear constraint. From the constraint on T orginating from this demand the linear
constraint on Θ follows.

5.3
5.3.1

N = 4, D = 4
Linear constraint

Now, let’s turn back to our theory with N = 4 and see what kind of conditions are imposed
by the linear constraint for that case. For this theory, the fundamental and the adjoint
indices take value both in SO(6, 6 + n) and SL(2). We denote this by curly indices: M =
M α, N = N β, . . . . Here M, N, . . . are the indices of the fundamental representation of
SO(6, 6 + n) and α, β, . . . of SL(2). Because the adjoint of SO(6, 6 + n) × SL(2) is the sum
of the adjoints of the two groups, and the generators are given by
γ
(tδ )β γ = δ(δ
)β

P
(tQR )N P = δ[Q
ηR]N ,

(77)

the adjoint indices A, B, . . . are summed over pairs in SO(6, 6 + n) and in SL(2). So:
P
XMN P = ΘαM QR (tQR )N P δβγ + ΘαM δ (tδ )β γ δN

(78)

In this theory the embedding tensor is living in a tensor product of the fundamental and
the adjoint representation of SO(6, 6+n)×SL(2), which can be decomposed into irreducible
(traceless) representations according to1


( , )⊗ (
= (

, )⊕(

= 2·( , )⊕(
1

, ·) + (·, )



, )⊕( ,
, )⊕( ,

See for explanation on the Young tableaux appendix A
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)⊕( , )⊕( , )
)⊕( , )

(79)

This last equality is due to the fact that for SL(2) the
representation is equivalent to
. So for example the dimensions of these representations are the same, because 2·3·1
= 2.
3·1·1
The fourth representation of the second line is the trace of the third one.
The linear constraint for this theory is often given in the following form (e.g. in [9], [10]):
X(MN P ΩK)P = 0

(80)

with XMN P defined in (68) and Ω the symplectic matrix by which we lower and raise indices
given by
ΩMN = ΩM αN β ≡ ηM N αβ

(81)

That taking the linear constraint having this form is a sufficient condition to fulfill the
condition imposed by the the bosonic argument, we can see from the following considerations.
The only two-forms we have at our disposal in our four dimensional theory are the ones
which are (on-shell) dual to scalar fields. The duality of scalar fields with (D-2)-forms is a
bit different from the dualities discussed in section 4.3.4 due to the non-linear coupling of
the scalar fields as discussed in section 4.3.1. The duality then becomes
Gµ1 ...µD−1 A ≡ eµ1 ...µD−1 ν jAν

(82)

Where jAν is the conserved Noether current of the symmetry generated by tA . From this we
see that our two-forms have to transform in the adjoint representation. So we should have
an intertwining tensor Z KMN = X(MN ) K which only projects onto two-forms BµνA like
MN
MN
Z KMN Bµν
∝ ΘKA BµνA , with BµνA = (tA )MN Bµν

(83)

That is Z KMN should be of the form
Z KMN ∝ ΘKA (tA )MN

(84)

We now can easily see that the given linear constraint (80) is a sufficient condition for
this to be the case because we can rewrite Z as follows:
Z KMN = X(MN ) K
1
1
= ΘMA (tA )N K + ΘN A (tA )MK
2
2
3
1
= Θ(MA (tA )N L) ΩKL − ΘKA (tA )MN
2
2
3
1
= X(MN L) ΩKL − ΘKA (tA )MN
2
2
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(85)

So, setting X(MN L) to zero gives us the required result.
That this is also a necessary condition we can see by checking the X(MN L) for ’undercover’
terms of the form (84). If we write out the embedding tensor in terms of the possible
representations (79) we can check whether X(MN L) = 0 implies the same constraints as (84).
We can take our full embedding tensor to be:
[N P ]

ΘαM N P = fαM N P + δM ξ1α + ΛαM N P
ΘαM βγ = ξ2δM δ(β δαγ) + ζαM βγ

(86)
(87)

Where the given tensors have the following symmetries:

fαM N Q :
ζM αβγ :

fαM N Q = fα[M N Q]
ζM αβγ = ζM (αβγ)

( , )
(
, )

ΛαM N Q :
ξ1αM , ξ2αM :

M, N, Q living in
−

( , )
( , )

(88)

Let us now check term by term what kind of constraints are implied by the given conditions. The contribution of fαM N Q to X(MN L) is
∝ fαM N Q βφ + fβQM N φα + fφN QM αβ

(89)

Because f[αM N Q βφ] = 0 (SL(2) can not have three antisymmetric indices) we can rewrite
the first two terms to a term of the same form of the third one. This last term has the right
form according to (84) because we can rewrite it to the form
fφN QM αβ = fφQ RS αβ ηN [R ηS]M = fφQ RS αβ [tRS ]M N

(90)

So (84) does not imply any constraint on f . Nor does X(MN L) = 0 because all three
terms of (89) add up to a term of the form f[αM N Q βφ] and this is anyway zero.
If we want to use a trick like this for checking the constraint for ζ we see that in its
contribution to
X(MN L) ∝ ζM αβφ ηN Q + ζN αβφ ηQM + ζQαβφ ηM N

(91)

the third term is again of the desired form. This time we can express it as a term proportional
to the generators of SL(2):
ζQαβφ ηM N = −ζQφ δ α(δ )β ηM N = −ζQφ δ [tδ ]αβ ηM N
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(92)

But we can not get rid of the first two terms of (91) by any other means than setting it to
zero. This also is implied by X(MN L) = 0 because the terms of (91) add up to ζ(M αβφ ηN Q)
and to fulfill this constraint again ζ has to be set to zero.
Let us now take a look at the third representation, ΛαM N Q . We will start with a Λ having
the following symmetry property: ΛαM N Q = ΛαM [N Q] . If we work out X(MN L) we get three
terms:
ΛβN M Q φα + ΛαM QN βφ + ΛφQN M αβ

(93)

The last term is of the desired form (SO(6,6+n) generator), the second term we again
can change into two terms due to the vanishing of three antisymmetric SL(2) indices:
ΛβN M Q φα − ΛβM QN φα − ΛφM QN αβ

(94)

We now can sum the first two as −2Λβ(M N )Q αφ . The last term can be decomposed into
irreducible representations in the following way:
−ΛφM QN αβ = +ΛφM N Q αβ = +Λφ[M N ]Q αβ + Λφ(M N )Q αβ

(95)

of which the last term is again of the right form (SL(2)). So, now we have:
−2Λβ(M N )Q αφ + Λφ(M N )Q αβ

(96)

Multiplying these terms with e.g. αφ shows that Λβ(N M )Q should be zero. Because we
took Lambda to be antisymmetric in its last indices, we showed in this way that tensors
have to be set to zero by the linear constraint. This is also
having the symmetries of
implied by X(MN L) = 0.
From the linear constraint also follows a condition on ξ1 and ξ2 , namely that there can
be only one ξ. So the two ξ’s should be equal. That this indeed follows from (84), we will
show in the case with the trombone.
Now we know what the linear constraint is implying, we know which representations of
(79) can be used in the theory. In our case the constraint tells us to use only the following
representations:

( , )⊕( , )

(97)

So the non-zero components of the embedding tensor are of the form:
1 [N
θM αN P = fαM N P + δM ξαP ]
2
1
θM αβγ =
ξδM δ(β δαγ)
2
where fαM N P = fα[M N P ] .
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(98)
(99)

5.3.2

Quadratic constraints

Let us now turn to the quadratic constraints. We start with checking in what representations
these constraints will live. The quadratic constraints are, of course, quadratic in Θ. So they
should live in the symmetric product of the representation of (97) with themselves. This is
given by:

(( , ) ⊕ ( , )) ⊗s (( , ) ⊕ ( , ))
=

( , ) ⊗s ( , ) ⊕ ( , ) ⊗s ( , ) ⊕ ( , ) ⊗ ( , )

=

(

⊕(

)⊕(

,

)⊕(

,

,

)⊕(

, ·) ⊕ (

, ·) ⊕ (

⊕(·, ) ⊕ (·,
⊕(

, )⊕(

)⊕(

,

,

,

) ⊕ (·, )

)⊕(

, )

) ⊕ (·,

) ⊕ (·, )

, ) ⊕ (·, ) ⊕ (·,

) ⊕ (·, )

(100)

But besides this they should live also in the tensor product of a vector, living in the
fundamental, and the embedding tensor, because it is a gauge transformation on Θ. This
product decomposes as follows:

( , ) ⊗ (( , ) ⊕ ( , ))
=

(
⊕(

,

)⊕(
) ⊕ (·,

,

, ·) ⊕ (·, ·) ⊕ (·, ) ⊕ (
)⊕(

, ) ⊕ (·,

, ) ⊕ (·, ) ⊕ (

)

(101)

, ) ⊕ (·, )

So the constraints live in the intersection of these sets, which is given by:
(
⊕(

)⊕(

,
,

) ⊕ (·,

, ·) ⊕ 2(·, ) ⊕ (
)⊕(

, )

, ) ⊕ (·, )

(102)

Which we can identify in the following way with the constraints found by Schön and Weidner
[10]:
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ξαM ξβM = 0

(

, ·)

P
ξ(α
fβ)P M N = 0

(

, )

3fαR[M N fβP Q] R + 2ξ(α[M fβ)N P Q] = 0

(

, )

αβ (ξαP fβP M N + ξαM ξβN ) = 0
αβ (fαM N R fβP Q R − ξαR fβR[M [P ηQ]N ]
−ξα[M fN ][P Q]β + ξα[P fQ][M N ]β ) = 0

(103)

(·, )
(·,

) ⊕ (·, )

We see that not all the possible representations are used; (·, ), ( , ) and ( , ) are
not. From the analysis we did it is not clear why we could expect these representations not
being used.
Now we have reconstructed the constraints for the four dimensional half-maximal gauged
supergravity, we can turn to adding the gauging of the scaling symmetry.

6

Gauging the trombone

Now we have seen what the linear and quadratic constraints are for the half-maximal supersymmetric theory in D = 4 we will turn our attention to the modifications thereof which are
imposed when we also gauge the global scaling symmetry. The conformal scaling symmetry,
which also is present in general relativity, scale different fields with different weight. To be
precise, p-forms scale with weight p. So for example scalars are invariant and the metric
transforms as
gµν → λ2 gµν

(104)

with constant λ. In general for the bosonic fields:

δAµ1 ...µp = pλAµ1 ...µp

(105)

Because of this behaviour, bigger weights for higher p-forms, it is often called the trombone gauging due to it having a kind of similarity to the way tones on a trombone are
distributed. For the fermionic fields we have
1
1
δψµ = λψµ , δχ = − λχ
2
2
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(106)

for the gravitino and the spin-1/2 fermionfield respectively. For supergravity theories, it
turns out that under this symmetry the full Langrangian scale with the same weigth:
δL = (D − 2)λL

(107)

As we did with the big symmetry groups inherited from dimensional reduction of the 10
dimensional string theories, we also could gauge this symmetry. Gauging of this symmetry
can be done by the normal procedure, starting with the definition of the covariant derivative.
For this we again use the formalism using the embedding tensor and we extend the definition
of the covariant derivative (64) as
A
M
0
M
Â
D̂µ ≡ ∂µ − gAM
µ Θ̂M tA − gAµ Θ̂M t0 = ∂µ − gAµ Θ̂M tÂ

(108)

where t0 is the generator of the scaling symmetry, Â = {A, 0} and Θ̂ the to be determined
extended embedding tensor. We will see that the linear and quadratic constraints will be
changed by adding the scaling symmetry R+

6.1

Linear constraint

We will now investigate what the conditions are, imposed by the linear constraints. Because
we still are limited in the fields we have to our desposal to counteract the bad transformational
behavoir of the vector fields which not become gauge fields, we still are bound by the condition
(84). The field content for the trombone gauged theory should be the same as for the case
without the trombone, because we still want to have a supersymmetric theory. That is, the
intertwining tensor Ẑ KMN should be of the form
Ẑ KMN ∝ Θ̂KA (tA )MN

(109)

Though this is the same condition for the case without the trombone, we will see that the
implications are somewhat different due to the difference in Θ. In particular the conditions
implied are not the same as what would be implied by X̂(MN L) = 0.
In principle the embedding tensor could now live in the representations of the following
product:

( , ) ⊗ ((

, ·) ⊕ (·, ) ⊕ (·, ·)) = 3( , ) ⊕ (

, )⊕( ,

)⊕( , )

(110)

Comparing to (79) shows that the only new possibility is another ( , ). So the constraint
still tells us to dismiss the middle two representation and does not imply any constraint on
the last one. We now want to check what kind of constraints are put on the representations
of the form ( , ).
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For this reason we take the components of the embedding tensor to be
1 [N P ]
[N P ]
Θ̂αM N P = fαM N P + δM ξ1α + δM κ1α
2
1
Θ̂αM βγ =
ξ2δM δ(β δαγ) + κ2δM δ(β δαγ)
2
Θ̂αM = κ3αM

(111)
(112)
(113)

In the calculation we can leave out f . Furthermore we can do the calculation with only
κ1 , κ2 and κ3 (so leaving out the ξ’s) because we will see that we in that way will find two
solutions, one corresponding to the case where κ3 is set to zero. The relation we then find
between κ1 and κ2 is exactly the one we already imposed on ξ1 and ξ2 .
So let’s start again with the intertwining tensor and do the change of indices trick in
order to take out the part which anyway had the rigth form:
ẐMN P = Θ̂(M Â [tÂ ]N )P
= Θ̂(M A [tA ]N )P + Θ̂(M 0 [t0 ]N )P

3
Θ̂(M A [tA ]N Q) − Θ̂QA [tA ]MN + Θ̂(M 0 [t0 ]N )Q ΩPQ
=
2

(114)

From this, the second term again has the rigth form. The first and the third term will give
us conditions on the κ’s. The first term turns out to contain the following terms proportional
to κ1 :
1
ηM Q βφ κ1αN − ηQN φα κ1βM
2
+ηQN αβ κ1φM − ηM Q αβ κ1φN

+ηM N φα κ1βQ − ηM N βφ κ1αQ

(115)

For κ2 we get exactly the same terms out of this part but with an overall minus sign,
what shows that the condition for the case without the trombone indeed implies that ξ1 = ξ2
(because only looking at these two terms is the same as setting κ3 to zero). If we also take
into account the last term of (114) we have to be a bit more carefull. First we can recognise
that the terms of the second line can be rewritten in terms of the SO(6, 6 + n) generators
as can the last line in terms of SL(2) generators:
S
ηQN αβ κ1φM − ηM Q αβ κ1φN = 2κR
1 δQ αβ ηS[N ηM ]R

=
ηM N φα κ1βQ − ηM N βφ κ1αQ =

S
2κR
1 δQ αβ [tSR ]M N
−2κδ1Q ηM N δφ (α β)δ

= 2κδ1Q ηM N δφ [tδ ]αβ
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(116)
(117)

The first line of (115) does contain terms which are not of the desired form. This can be
seen best if we decompose the terms in irreducible representations.
ηM Q βφ κ1αN − ηQN φα κ1βM = −2ηQ[M φ[β κ1α]N ] − 2ηQ(M φ(β κ1α)N )

(118)

Where we decomposed both terms in their symmetric and antisymmetric parts in M, N
and α, β. The terms with mixed symmetries cancel out due to the symmetry of MN . The
first term is proportional to αβ ηR[M ηN ]S because αβ is the only antisymmetric two-form of
SL(2). So this term has the right form and we are left with only the last term. This term
can not be written in the form of (109).
Let’s now turn our attention to the last term of (114). Using the same kind of decomposition as before (again the mixed terms cancel) we get:
Θ̂(M 0 [t0 ]N )Q = 2κ3[α[M β]φ ηN ]Q + 2κ3(α(M β)φ ηN )Q

(119)

Here again the first term has the right form. So in the end we only have three terms
which are not of the desired form, namely:
−2ηQ(M φ(β κ1α)N ) + 2ηQ(M φ(β κ2α)N ) + 2κ3(α(M β)φ ηN )Q

(120)

As being said, the contribution of κ2 is exactly the one of κ1 , but with different sign.
This equation is simply stating that the following condition should be satisfied:
κ3 = κ2 − κ1

(121)

From this we can find easily two solutions. The first one being setting κ3 to zero and κ1
and κ2 equal. This is the solution we imposed on the ξ’s in the case without the trombone.
For the second one we set κ1 = κ3 = 12 κ2 .
Given these two solutions we can now write down the full embedding tensor for the
trombone case:
1 [N
1 [N
Θ̂αM N P = fαM N P + δM ξαP ] + δM κPα ]
2
2
1
βγ
δ(β γ)
δ(β γ)
=
Θ̂αM
ξδM  δα + κδM  δα
2
1
καM
Θ̂αM =
2
This gives us the following expression for the generators of our gauged theory:
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(122)
(123)
(124)

1 P γ
δβ καN − δβ γηM N κPα )
X̂MN P = XMN P + (δM
2
1 P
P
P γ
κδM δγ + δβγ δN
δα κβM + αβ δN
−δN
καM
2
= −δβγ fαM N P
1 P γ
p γ
P
ξδM δγ )
δα ξβM + αβ δN
+ (δM
δβ ξαN − δβγ ηM N ξαP − δN
2
1 P γ
P γ
P
+ (δM
δβ καN − δβγ ηM N κPα ) − δN
δα κβM + αβ δN
κδM δγ
2
1 P
+ δβγ δN
καM
2

6.2

Quadratic constraint

With this expression for the generators of our gauged theory we can now take a look at the
quadratic constraints. The embedding tensor now lives in the following representation:

( , )⊕( , )⊕( , )

(125)

So, if we want to do the same group theoretical calculation of the quadratic constraint
as in the case without the trombone, this time we have to work out the following products:
(( , ) ⊕ ( , ) ⊕ ( , )) ⊗s (( , ) ⊕ ( , ) ⊕ ( , ))

(126)

( , ) ⊗ (( , ) ⊕ ( , ) ⊕ ( , ))

(127)

and

The second product gives us exactly the same kind of representations as in the case
without the trombone, but more of them. In the first product we also get a lot of the same
terms as before, but besides that the following two representations:
(·, ·) ⊕ (·, )

(128)

When we look again at the intersection, we get the following representations:
2(

,

) ⊕ 2(

, ·) ⊕ (·,
⊕(

,

) ⊕ (·, ·) ⊕ 3(
) ⊕ (·,
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)⊕(

, ) ⊕ 3(·, )

(129)

, ) ⊕ (·, )

(130)

These are the same as the ones used in the quadratic constraints in the case without the
trombone, with the following extra representations:

2(

)⊕(

,

, ·) ⊕ (·,

) ⊕ (·, ·) ⊕ 2(

, ) ⊕ (·, ) ⊕ (·, )

(131)

Calculations by the not well understood method of the reduction of the infinite dimensional Kac-Moody algebra, which in the case without the trombone gives the right result,
suggests that we should look for constraints in the represenations as in the case without the
trombone supplemented by ones in the following representations:

(

, ·) ⊕ (·,

) ⊕ 2(·, ·) ⊕ (

, ) ⊕ (·, ) ⊕ (·, )

i.e. all the new representations in the intersection apart from the 2(

(132)
,

) and one of the

( , ), supplemented with another (·, ·) and a (·, ). This last representation was already
present in the intersection of the two sets without the trombone but did not appear as new
possibility when adding the trombone.
To see what the real constraints are we can work out the explicit expression of the
quadratic constraint which can be written as:
[X̂M , X̂N ] = −X̂MN P X̂P

(133)

Where X̂MN P ≡ Θ̂MA (tA )N P . Working out this expression in terms of the components
of the embedding tensor (125) and projecting out all the irriducible representations gives us
the following constraints1 :

1

For these calculation use has been made of the computerprogram Cadabra: [6], [7]
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R
4 κ(α[M fβ)N P Q] + 2 ξ(α[M fβ)N P Q] + 3 f(α[M
N fβ)P Q]R = 0

φψ κφ[M fψN P Q] = 0
R
2η[M [P κR
(α fβ)Q]N ]R + η[M [P ξ(α fβ)Q]N ]R = 0

2 κ(α P fβ)M N P − ξ(α P fβ)M N P = 0

(

, )

(·, )
(

,

)

2(

, )

(·,

)

κ(α[M ξβ)N ] − κ(α P fβ)M N P = 0
φψ (4 κφ[M fψN ][P Q] − 4 κφ[P fψQ][M N ] + ξφ[M fψN ][P Q] − ξφ[P fψQ][M N ]
−fφM N R fψP QR − 4 η[M [P ξψQ] κφN ] + 4 η[M [P κφQ] ξψN ]
−η[M [P ξψQ] ξφN ] − 12 η[M [P κψQ] κφN ] ) = 0
φψ (16 κφ R fψM N R + 4 ξφ R fψM N R + 4 fφ[M RS fψN ]RS
+8 ξψ[M κφN ] − ξφM ξψN − 12 κφM κψN ) = 0

3 (·, )

φψ (6 κφ[M ξψN ] + ξφM ξψN + ξφ Q fψM N Q ) = 0
φψ (κφ[M ξψN ] + 6 κφM κψN + κφ Q fψM N Q ) = 0
M
2 κM
(α ξβ)M + ξα ξβM = 0

2(

, ·)

(·,

)

M
2 κM
α κβM + κ(β ξα)M = 0

αβ κα(M ξβN ) = 0
αβ κM
α ξβM

=0

(·, ·)

If we look at these constraints we conclude that they live in exactly the representations
which were predicted by Kac-Moody, apart from the singlet (·, ·). It is not clear why KacMoody is giving this extra singlet. This also means that not all the representations of the
intersection are being used. In particular, the representations 2( , ) ,( , ) are not.
Again, from our analysis we can not see the deeper reason for this.

7

Conclusion and outlook

Having found the linear and quadratic constraints for the half-maximal 4D gauged supergravity with trombone, we have determined the conditions which this theory has to fulfill to
be consistent and supersymmetric. The next step now would be to find different solutions of
the constraints, by finding appropiate embedding tensors. This has been done for maximal
supergravity in [4] for different dimensions and particular choices of the gauge group. For
A
D=4 there the pure trombone gauge condition θM
= 0 is been taken. In [5] a more general
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case is studied. There an elegant way of parametrizing the quadratic constraints in presence
of the trombone has been found. In particular this makes it much easier to find solutions to
these constraints and a specific example is giving. Also the equations of motions of general
solutions are formulated. One peculiarity of these theories is that it is not possible to formulate an action principle from which these equations of motions follow. This in constrast
with the situation discussed in section (2.3) where we were able to find such an action.
The general strategy in these references is to decompose the representations, and thus
the embedding tensor, with respect to a specific subgroup of the global symmetry group.
For example, for maximal supergravity in 4D (of which the global symmetry group is E7(7) )
they decompose all the objects with respect to E6(6) × SO(1, 1). One could investigate the
possibility of using the same procedure to find solutions for the half-maximal case. It then
can be expected that also in these cases one would find equations of motions which can not
be derived from any action principle.
This rises interesting questions about the meaning of the action principle. What are we
exactly doing by formulating an action and minimizing it, and why, in general, does nature
satisfy the equations of motions derived from this? And why can we get equations of motions
which can not derived from any action principle? What does that tell us exactly (about this
theory, about the action principle)? Studying this can give us some fundamental insight in
the ideas behind this widely used and fundamental formalism of the action principle.
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Appendices
A

Young tableaux and their dimensions

To calculate the dimensions of representations it is convenient to make use of Young-tableaux.
Young tableaux are a way of depicting representations of specific symmetry groups. Each
young tableau represents one specific representation. Boxes which are horizontally connected
mean symmetric indices, vertically means anti-symmetric. So, for example: T[αβ] → ,
T(αβγ) →
. is just the fundamental representation.
The dimension of the representations are easily calculated using these tableaux. This can
be done in the following way:
• put in each

a number due to the following rules:

– put in the upper-left
the dimension of the fundamental representation of the
group you are working with
– for each

you go to the right you raise the number with one

– for each

you go to beneath you lower the number with one

• multiply all these numbers and divide it by another number which you get by:
– put in each the sum of the ’s which are to the right of it and the
are beneath it plus one (for itself)

’s which

– multiply these numbers to get the number by which you have to divide
• to get the dimension of the irreducible representation subtract all possible traces by
contraction of two appropiate indices and calculation of the dimension of the left over
representation
So, for example, in SO(6, 6):

→

12 · 13 · 11 · 10 12 · 11
−
= 2079
4·2
2

(134)

We denote a tensor having indices in two different symmetry groups by a pair of tableaux.
e.g. ( , ). Where in our case the first refers to the transformation character under SL(2)
and the second under SO(6, n). See [3] for more on young tableaux.
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